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Given an infinite graph G, let deg,(G) be defined as the smallest d for which V(G) can be 
partitioned into finite subsets of (uniformly) bounded size such that each part is adjacent to at 
most d others. A countable graph G is constructed with de&(G) > 2 and with the property that 
[{y~V(G):d(x, y)sn}lcCn for any xeV(G), n E N. This disproves conjectures of Cenzer 
and Howorka. 
Let G be a (finite or infinite) graph with vertex set V(G) and edge set E(G). A 
partition P = {vi: i E Z} of V(G) is called a k-partition if [Vi1 s k for every i E I. 
Let the graph Gp be defined by 
(i) V(Gp) = {vi: i E Z}, 
(ii) l$l$ E E(G,)exy E (G) for some x E l$, y E l$ (i #j). 
Given an infinite graph G, let deg,(G) denote the least d for which there exist 
a natural number k and a k-partition P of V(G) such that the degree of every 
vertex of G,, is at most d. 
Further, let 
where d&x, y) denotes the distance of x and y in G. Obviously, deg,(G) < 2 
implies that b,(n) = G(n). On the other hand, Cenzer and Howorka formulated 
the following attractive 
Conjecture [l]. Zf b,(n) = G(n), then deg,(G) s 2. 
In what follows, we are going to exhibit a counter-example. 
For any finite graph G, let k(G) denote the smallest k for which there is a 
k-partition P of V(G) such that the degree of every vertex of Gp is at most 2. Let 
?;- denote the j-level complete binary tree, whose ith level contains 2’-’ vertices, 
each of them having 2 ‘sons’ at level i + 1 (1 c i <j). 
Claim 1. Let T,f be any graph obtained from q by a finite number of 
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edge-subdivisions. Then 
Proof. For j = 1, 2 the assertion is trivial. Let j > 2, and assume without loss of 
generality that there is a k(Ti)-partition P = {VI, V2, . . . , V,} of V(T$ such that 
no pair of points x E V, y E V, is connected by an edge of T,f if lh - iI > 1. (Note 
that, in general, there can be some edges between VI and V,, too. After deleting 
them, T,f splits up into a number of components, which can easily be rearranged 
so that we obtain a new partition P’ = {VI,, . . . , VI,, Vzl, . . . , V,,, . . . , 
V rt, 1 . . 3 V;,}ofV(Ti’)suchthatV,~Vi(l~r~t,l~i~m)andalledgesofTi 
run between consecutive classes of P’). 
Let T,f(u, v) denote the graph obtained from T,f by the omission of all vertices 
of a path p(u, v) connecting two elements u E VI and n E V,. Ti(u, v) evidently 
contains a subgraph T;_* isomorphic to some subdivision of q-z. Using the 
induction hypothesis and the fact that p(u, v) meets every class of partition P, we 
conclude that 
k( T;) a k( T;_,) + 1 2 rq+1= If], 
as desired. 0 
Let us construct, by recursion, an infinite sequence of edge-subdivided (rooted) 
binary trees T; s T1 c T; G * * - , as follows. Let T; consist of a single vertex 
u = r(T& called the roof of T;. If T; and r(TI) E V(Ti), have already been 
defined for all i <j, then take a rooted tree Ty-, isomorphic to (but disjoint from) 
T,‘_l, and a new vertex r(T$ which is connected to r(T,‘_,) and to r(Ty_,) by 
disjoint paths p’ and p” of length 3’-’ such that (V(p’) U V(p”)) II (V(Tj_,) U 
V(Ty_,)) = {r(Ti_,), r(Ty_l)}. Let T,! =p’ Up”U Ti_l U Ty_z. Set T’ = LJ,“=l Ti. 
Simple calculations show 
Claim 2. b,,(n) C 10n for every n. 
To disprove the Conjecture, we have to note only that deg,(T’) < 2 would 
imply the existence of a k-partition P of V(T’), for some k, such that every 
vertex of G, has degree at most 2. This, in turn, would yield that k(T,‘) s k for 
every j, which contradicts Claim 1. 
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